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MEAN-SQUARE APPROXIMATION BY POLYNOMIALS 
ON THE UNIT DISK 

THOMAS L. KRIETE III AND BARBARA D, MAcCLUER 

ABSTRACT. We investigate p2(fJ) , the closure in L2(fJ) of the complex poly-
nomials, for certain measures fJ on the closed unit disk in the complex plane. 
Specifically, we present a condition on fJ which guarantees that p2(fJ) decom-
poses into a natural direct sum. 

1. INTRODUCTION 

Let 11 be a positive finite Borel measure with compact support in the complex 
plane. Much interesting analysis has resulted from attempts to understand the 
structure of p2(1l) , the closure in L 2(1l) of the polynomials. Work of Carleman 
[Ca], Keldys [Kd] and Brennan [Bl, B2], among others, has dealt with the case 
11 = W X u d x d y ,where U is a simply connected domain and W > 0 a mea-
surable function on U. (Here, and throughout, XE denotes the characteristic 
function of the set E.) In this setting the point of view has been to obtain con-
ditions on U and W which guarantee that p2(1l) be exactly the set of analytic 
functions in L 2 ( U, W d x d y). A related question for general 11 is whether 
p2 (11) will always possess a bounded point evaluation if p2 (11) i= L 2 (11) [B 1, 
Hr3, Tr2]. 

In this paper we will be concerned with measures of the form 11 = v + w de 
where v is carried by the open unit disc D, de is Lebesgue measure on the 
unit circle aD, and w 2: 0 is in L 1 = L I (d e). In the more general situation 
in which the part of 11 carried by aD has a Lebesgue decomposition w de + Ils 
with Ils .1. de, p2(1l) will contain L2(lls) as a direct summand [Cl]. Hence, 
there is no loss of generality in assuming at the outset that 11 = v + w de. If 
log w ELI , then p2 (11) is a nice space of analytic functions whose structure is 
like that of the Hardy space H2 [Cl]. Thus we consider only the case where 

(1.1) r logwde = -00. laD 
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Under this hypothesis, p2(W de) = L2(W de) by Szego's Theorem [H, p. 49]. 
Our results give conditions under which P2(fl) splits, that is, decomposes as a 
direct sum p2(v) ffiL2(W de). This means, of course, that the natural isometry 
f -> xDf + xiJDf maps P2(fl) onto p2(v) ffi L2(W de). We will suppose that 
the part of fl carried by D is rotation invariant and absolutely continuous 
with respect to Lebesgue area measure dA on D. In particular, we assume 
v = G(r)rdrde == GdA, where G is continuous and positive on [0,1). Then 
p2(V) is the space of analytic functions f = L~ anzn on D with 

where Pn = fol /n+1 G(r) dr. Hence if splitting occurs in this case, p2(fl) will 
be completely understood. 

The general question of splitting, under a variety of conditions on v and 
w, has been studied by various authors [Ke, N, Ha, Hr1, Hr2, Krl, Kr2, VI, 
V2, B2]. If v has compact support in D (and (1.1) holds), then P2(fl) splits 
[Kr1]. Based on this, one might expect splitting to occur if v = GdA as above 
and G(r) decreases to zero sufficiently rapidly as r i 1. Indeed, it was shown 
in [Kr 1] that the relevant measure of how fast G must decrease is 

( 1.2) t 1 il-J log log G(r) dr (some small J). 

Let us always use the term arc to mean a non empty open arc in {) D . 

Theorem D. Suppose the integral (1.2) converges (and G satisfies a mild regu-
larity condition). If log W ELI (I) for some arc I c {)D, then P2(fl) does not 
split. 

This theorem, which is proved in §7 below, improves results from [KrI] and 
[Trl]. The best result in the converse direction (indeed, it is best possible) is 
due to A. L. Vol' berg and is based on his work on quasi analyticity [V3, VEl. 

Theorem 1.1 (Vol' berg). Suppose that the integral (1.2) diverges (and G sat-
isfies mild regularity conditions). If logw tt- LI , then P2(fl) splits. 

This result can be derived from Theorem 1 in [VEl in the same way that 
Theorem 5 and Corollary 2 in [Kr1] are deduced from the Levinson-Beurling 
Theorem. In this paper, then, we will be concerned only with the situation in 
which G decreases to zero slowly enough that the integral (1.2) is finite, or even 
with the case where G does not decrease at all, e.g., G(r) == 1 . Note that this 
includes the standard Bergman space weights G(r) = (1 - r)" , a > -1 , weights 
which decay exponentially like 

( 1.3) G(r) = exp (- (h) Q) , a> 0, 



MEAN-SQUARE APPROXIMATION ON THE UNIT DISK 3 

and certain "double exponential" weights like 

G(r) = exp ( - exp ( 1 ~ r ) ") , 0<0:<1. 

The demarcation indicated by the convergence or divergence of (1.2) (which 
we might call the "log log cutoff") clearly separates very different types of be-
havior. There is also a "log cutoff" signaled approximately by whether or not 

(1.4 ) t 1 11-<5 log G(r) dr (& small) 

converges. For example, in the exponential weights (1.3) this cutoff occurs at 
0: = 1. That convergence or divergence in (1.4) marks a change in behavior 
is suggested by the work of Trent [Trl], and by results of Hruscev [Hrl, Hr2] 
and Kegegan [Ke] about measures J1. with w = XE , where E is a measurable 
subset of 8 D. Hruscev and Kegegan develop their approximation results in 
terms of certain Banach space norms, but it is a simple matter to recast them 
in terms of L 2 (J1. )-convergence provided J1. is of the special type considered 
here (see Theorems 3.1, 4.1 and 10.1 in [Hr2]). Their criterion for splitting 
involves a generalization of the well-known idea of a Carleson set. Suppose F 
is a proper closed subset of 8 D , so that the complement 8 D \ F is the union 
of a (possibly finite) sequence {lk} of disjoint open arcs. Let us assume that 
G(r) < 1 provided r is near 1. Then F is a G-Carleson set provided 

1 
2::IIkllogG(I_IIkl) < 00. 

(Here and throughout lEI denotes the Lebesgue measure of the set E c 8D.) 

Theorem 1.2 [Hr2]. Suppose that (1 - r) log( G(r) -1) is nonincreasing for r near 
1 and that G satisfies a mild regularity hypothesis. Let J1. = G d A + XEd e where 
E is a measurable subset of 8 D. In order for p2 (J1.) to split it is sufficient that 
there exist no closed G-Carleson set F of positive measure with IF \ EI = O. 
Conversely, if G satisfies an additional technical hypothesis (which in particular 
requires that 

!~<5 log Gtr) dr < 00 

for small &), then the above sufficient condition for splitting is also necessary. 
This theorem applies to the standard Bergman space weights (1 - rt , with 

0: ~ 0, as well as the weights (1.3) with 0 < 0: < 1. The "cutoff" case 0: = 1 
of these latter weights is handled by the sufficient condition from Theorem 
1.2 together with Theorem D; for this case the G-Carleson criterion collapses 
dramatically: If 

G(r) = exp (-1 ~ r) 

and J1. = G dA + XE de, then p2(J1.) splits if and only if II \ EI > 0 for every 
arc I c 8D. Moreover, Theorem D implies that no further change occurs (at 
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least when w = XE ) all the way down to the log log cutoff (see the proof of 
Corollary 7.1 below). 

Our purpose in this paper is to pass from characteristic functions XE to 
arbitrary nonnegative weights W ELI in the setting where the integral (1.2) 
converges. That an interesting theory resides in this context was foreshad-
owed by an example of Vol/berg of a weight w with w > 0 a.e. such that 
P2(dA + w de) splits (see the editors' commentary in [Kr2] which also includes 
a more refined example of Hruscev). Theorem D above implies that for split-
ting to occur here (unlike the case where (1.2) diverges), w must be small on 
sets which are generously spread throughout aD. Indeed, Trent's early version 
of Theorem D [Trl], in which convergence of the integral (1.4) is required, 
convinced us that the mechanism of splitting hinges on a pervasive failure (in 
some sense) of local integrability for log w. We will here confirm this intuition 
by presenting conditions sufficient for splitting which are strengthenings of the 
requirement that for every arc I c aD, logw is not in weak LI (I). To say 
that log w 1. weak L 1 (I) is equivalent to saying that 

1 sup Q[(e) log - = +00 (to a fixed positive number), 
O<e<lo e 

where Q [( e) is the proportion of I on which w S; e , that is 

1 ix ix 
Q[(e) = ml{e E I: w(e ) S; e}l. 

We will often work with a uniformized version of Q[(e) defined by 

Q(J, e) == inf Q/(e), 
i/i=') 

where, as indicated, the infimum is over all arcs I c aD with III = J. Note 
that 0 S; Q(J, e) S; 1. If w > 0 a.e. and J is fixed, then Q(J, e) -+ 0 as 
e -+ O. Also, if e is fixed and w is greater than e on a set of positive measure, 
then Q(J, e) -+ 0 as J -+ O. (To see this consider arcs centered at a point eiO 

which is a Lebesgue point for X{w:<;e} but for which X{w:<;e} (e iO ) = 0.) We now 
state our theorem which is applicable if G(r) = (1 - rt . 

TheoremA. Let J.l=(I-lzl)"dA+wde where 0:>-1. Suppose (>0 and 
let f(t) = e- I/I )' • If 

1 sup Q(f(e) , e) log - = +00, 
O<e<1 e 

then p2(J.l) = P2((1 -Izl)" dA) EB L2(W de). 

For the weights G(r) given by (1.3), 0 < 0: S; 1, we have Theorem B, in 
which one simply replaces the function f(t) from Theorem A by 

( ( 1)(0+1)/") 
f(t) = exp - log t . 
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In general the hypothesis 
1 sup Q(f(e) , e) log - = +00 

O<e<~ e 
becomes easier to satisfy the more slowly f(t) tends to zero with t. Theorems 
A and B are reasonably sharp in that one cannot replace the given function f(t) 
with anything decreasing very much more slowly without having the theorems 
become false. However, just beyond the log cutoff one can use any function 
f(t) and still achieve splitting. 

Theorem C' . Let fl. = GdA+w de where G(r) is decreasing for r near 1 and 
satisfies 

( 1.5) lim( 1 - r) log G(1 ) = +00. 
ril r 

If there exist sequences {In } and {en} of positive numbers, both tending to zero, 
so that 

lim Q( J ,e ) log ~ = +00, 
n--+oo n n en 

then p2(fl.) = p2( G dA) tf) L 2( W de) . 

In this result and a more general version (Theorem C), the hypothesis on w 
may be thought of as saying that log w uniformly fails to be locally in weak 
LI. 

It is clear that we are on target in looking at the local behavior of log w . Our 
notion of "local", however, is tied to arcs, and although we establish a loose 
link with G-Carleson sets in §8, a complete solution to our problem (when the 
integral ( 1.4) converges) awaits a more definitive connection. On the other hand, 
when G lies between the log and log log cutoffs, G-Carleson sets disappear 
from the picture and arcs surely provide the right notion of "local". In this 
case our results are close to definitive, though the problem of L I vs. weak L I 
is unresolved. Thus, interesting questions remain to be answered. See §9 for 
further comments. 

The proofs of our theorems involve several different steps which we outline 
here. It is well known that p2(fl.). splits if and only if XD lies in p2(fl.). Thus 
we will be concerned with the quantity 

inf {! IXD - pl2 dW p E p2(fl.)} . 

For our purposes it will turn out to be sufficient to consider only those functions 
p in p2 (fl.) of a very special type, specifically p = hoB, where B is an 
inner function arising from a Cayley inner function associated to the weight 
function w, and h is an outer function in H oo of a particularly simple form. 
In §2 we discuss the construction of those Cayley inner functions which are 
needed for our argument. In §3 we present the strategy for estimating the 
distance from XD to p2(fl.). It will become clear that good estimates for this 



6 T. L. KRIETE III AND B. D. MacCLUER 

distance (which we ultimately show is zero) require information about the norm 
of a certain composition operator T induced by our inner function Band 
acting on a certain weighted Dirichlet space g. Similar weighted Dirichlet 
spaces have proved to be appropriate settings for recent work on compactness 
of composition operators [MS, Sh]. Our estimate of the norm of T requires 
knowledge of the size of B near aD (the subject of §4) and is then deduced as 
a corollary of the main result of §5, a norm estimate for arbitrary composition 
operators on g . We believe the results of §5 are of independent interest. The 
norm estimate itself depends on a change-of-variable formula and an associated 
"counting function," a strategy introduced by Shapiro in the pioneering paper 
[Sh]. 

In §6 we present Theorems A and B (deducing both from the more general 
Theorem 6.2) and show that there is an abundant supply of weight functions 
w satisfying our hypotheses; §7 is devoted to Theorems C, C I and D. The 
sharpness of our results is considered in §8 and we conclude in §9 with some 
directions for further research. 

We close these introductory remarks with a fact that will be used several times 
in the sequel. Let G(r) be any weight of the type we have been considering (it 
is enough to assume G is positive and integrable on [0, 1)). Let R denote the 
annulus {z: p < Izl < I} where 0 < p < 1. It is then easy to see that there 
exists c > 0 such that 

( l.6) 

for all functions u analytic on D. Moreover, let J.1.) = G) dA + w de and 
J.1.2 = G2 dA + w de be two measures with the same boundary weight wand 
suppose that G) (r) ::; aG2 (r) for some a > 0 and all r in (p, 1). It follows 
from (l.6) that p2(J.1.)) splits if p2(J.1.2) splits. Thus G(r) influences splitting 
in p2 (G d A + w de) only through its behavior for r near 1. 

2. CAYLEY INNER FUNCTIONS AND THE DEFINITION OF B 

In this section we recall how the theory of Cayley inner functions of Rosen-
blum and Rovnyak [RR] associates to a particular measurable set Ll caD an 
inner function B with certain mapping properties. The set Ll will be associated 
with a positive number e, a positive integer n and the function w; we will 
describe it shortly. For the moment we merely suppose that 0 < ILlI < 2n . 

The corresponding Cayley inner function '¥ is defined by 

{ i 1 e ix + z } '¥(z) = exp '2 ,1 eix _ z dx . 

The properties of '¥ listed below can be found in [RR]. The function '¥ maps 
D into the upper half-plane {z: 1m z > O} ; the nontangential boundary-value 
function '¥(e iO ) exists a.e. on aD, and satisfies '¥(e iO ) < 0 a.e. on Ll and 
'¥( e iO ) :::: 0 a.e. on aD \ Ll. Here and throughout we write s = ILlI and 
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r = {e ix : 0 < X < s}. We put 
, _ eis/ 2 

A(O = . /2 ' , _ e- 1S 

a conformal map of the upper half-plane onto D. One checks that A maps 
( -00, 0) onto rand [0, 00) into 8 D \ r. We define B = A 0 '1'. Note that B 
is an inner function with B(O) = 0 such that B(e i8 ) E r for almost all ei8 E ~, 
and B(e i8 ) E 8D \ r for almost all e i8 E 8D \ ~. 

Now we are ready to describe ~. Suppose that n is a positive integer, n ~ 2, 
and let e > O. Select arcs II' ... ,In equally spaced around 8D and each of 
length *. Suppose that each Ik contains a measurable subset ~k of positive 
measure with w ~ e on ~k. Suppose further that the sets ~I ' .•• '~n all have 
the same measure. For the remainder of the paper we will take ~ = UZ=I ~k 
and associate B to ~ as above. Note that 0 < I~I ~ 1. In the course of 
proving Theorems A, B, and C, we will use our hypotheses on w to show that 
such a set ~ indeed exists and that I~I is not too small. 

3. THE DISTANCE FROM XD TO p2(Ji) 

Here we estimate the distance from XD to p2(Ji); eventually we will show 
that this distance is zero when our hypotheses hold. Throughout this section we 
will assume that e, ~, rand B are related as in §2. We begin with an idea of 
Nikol' skii and Vol' berg (see editors' comments in [Kr2]) which they used with 
zn replacing B. Let h be an outer function on D such that h(O) = 1 and Ihl 
is a.e. constant on each of the arcs rand 8D \ r. We will approximate XD 
by g(z) = h(B(z)). Since g E H oo , the space of bounded analytic functions 
on D, g is easily seen to lie in p2(Ji). We also have g(e i8 ) = h(B(e i8 )) a.e., 
(see [Ry]). Now if Ihl 2 = M a.e. on rand Ihl 2 = t a.e. on 8D \ r, the 
mapping properties of B guarantee that Igl 2 = M a.e. on ~ and Igl 2 = t a.e. 
on 8 D \ ~. Clearly we have 

(3.1) !lxD -gI2d Ji = {lgI 2wdO+ { Igl 2wdO+ (11-gI 2GdA. 
l/l 1 a D\/l 1 D 

Vol' berg used this decomposition with g(z) = h(zn) to construct a positive w 
for which P2(dA + wdO) splits. 

Now w ~ e on ~ and I~I ~ I , hence the sum of the first two terms on the 
right side of (3.1) cannot exceed 

Me+t ( wdO. 
laD 

Let us investigate the third term. The first step is to replace the norm III 

P2(GdA) by a "weighted Dirichlet norm". We put 

H(r) = /1 [i 1 G(S)dS] dx, O~r<1. 
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The next lemma is a generalization of the well-known result [MS] that if u is 
analytic in D with u(O) = 0, then JD luI 2(1-lzlt dA and JD lu'1 2( l-lzlt+2 dA 
are comparable. 

Lemma 3.1. Let u be analytic in D with u(O) = O. Then 

J lu'I 2 H dA ~ J lul 2GdA ~ 6 J lu'I 2 H dA, 

where it is understood that the integrals can be infinite. 
Proof. Let us put 

11 2n+1 Pn = 0 r G(r)dr, t 2n+1 qn = 10 r H(r) dr. 

2 Integrating by parts twice gives Pn = 2n(2n + l)qn_1 ~ 6n qn-I' Now if 
,",00 n 

U = L...I anz , 

J 2 ~ 2 ~ 2 2 J ,2 lui GdA = 2n ~Ianl Pn ~ 2n ~6n lanl qn-I = 6 lu I HdA. 
1 1 

The other inequality follows similarly. 0 

The weighted Dirichlet norm (J lu'I 2 H dA)I/2 is not quite what we want, 
and we proceed one step further. Let us suppose that F is a positive Lebesgue 
measurable function on (0, (0) satisfying the following: 

(3.2a) 

(3.2b) 

(3.2c) 

H(r) ~ F (lOg ~ ) , 0 < r < 1 , 

1000 F(t)e- 2t dt < 00, 

F (t) / t is nondecreasing on (0, (0) . 

We note that F(log(l/Izl)) dA is a finite measure on D, because (3.2b) 
merely says Jd F(log f)r dr < 00. 

Let us denote by 9 the collection of all functions u analytic on D with 
u(O) = 0 and satisfying 

Ilull~ == L lu' (z)1 2 F (lOg I!I) dA(z) < 00. 

Clearly 9 is a Hilbert space with norm II· 11 9 , We define a composition 
operator T on ::;g by 

Tu = uoB, 

where B is our inner function from §2. Since B(O) = 0, it is plausible that T 
carries ::;g boundedly into itself, and we will see in §5 that this is indeed the 
case. We write II TIl for the norm of T as an operator from ::;g to ::;g . Let us 
denote the H oo norm of a bounded analytic function u on D by Ilulloo' 
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Lemma 3.2. Let u E H oo with u(O) = 1. Then 1 - u E 9 and 

111 - ull~ :::; Kllull~ 
for some constant K > 0 depending only on F. 
Proof. Let us write 1 - u = L~ anzn for zED, so that 

111- ull~ = ! 1(1 - U)'12F (lOg I!I) dA = 2n I:n2IanI2vn_I' 
1 

9 

where vn = fo' r2n+1 F(log ~) dr. Since F(t)/t is nondecreasing on (0, 00), we 
see that F(t) = O(t) as t -+ 0, which easily implies that vn _ 1 = O(n-2 ) as 
n -+ 00. Thus there is a constant K > 0 independent of u such that 

2 ( 00 2) r 271 e 2de 2 111 - ull g :::; K 1 + ~ lanl = K 10 lu(e1)1 2n :::; Kllull oo • 0 

Now we can put together the pieces and obtain our distance estimates. 

Lemma 3.3 (First distance estimate). There exist positive constants a and K, 

depending only on F and w, such that 

inf ! IXD - pl2 df1:::; a(e + KIITII2)ltl l/271. 
PEp2(11) 

Proof. The left side of our inequality here is of course dominated by the ex-
pression (3.1). We have already estimated the sum of the first two terms on the 
right side of (3.1), and can now estimate the 3rd term. Lemma 3.2 tells us that 
1 - h E 9 and clearly 1 - g = T(l - h). We see from Lemmas 3.1 and 3.2, 
together with the inequality (3.2a) that 

Iv 11 - gl2GdA :::; 6 Iv 1(1 - g)'1 2 H dA :::; 611T(1 - h)ll~ 

:::; 611TI12111 - hll~ :::; 6KIITI121Ihll~. 
Now consider the parameters t and M defining h. Since h is outer, 

1=h(0)2=exp{_1 r IOglhI2de}=Ms/271tl-s/27r 
2n J aD 

with s = 1,11 = In, whence M = (+ )271/S-I. It follows that (3.1) is bounded 
above by 

(3.3) ( 1 ) 271/S-1 ! 
e t +t wde+6KIITII21Ihll~ 

for any choice of t > O. Let us choose t = (e + 6KIITI12)s/271; if t :::; 1 (this 
is the useful case), we see that Ilhll~ = M and we easily calculate (with this 
choice of t) that (3.3) is dominated by 

(1 + ! w de) (e + 6KIITI12)s/271 

and the conclusion follows. If t > 1 , the conclusion is trivial. 0 
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Lemma 3.3 will be used in the proof of Theorems A and B; for Theorem C 
we need a slight variation. 

Lemma 3.4 (Second distance estimate). There exists positive constants a and 
K , depending only on F and w , such that 

inf J IXD - pl2 df.l S ael~I/2n + KIITII2111 - hll~, 
PEP2(f1) 

where h is the outer function described above with the choice t = el~!/2n . 
Proof. From our calculations above we know that (3.1) is dominated by 

e (+ rn
/
s

-
I + t J w de + 6KIITII2111 - hll~ 

for any choice of t > O. The conclusion follows on taking t = es/ 2n . 0 

4. AN ESTIMATE ON B 

The goal of this section is to show that for the inner function B defined in 
§2, we have IB(z)1 S Izl logn on the annulus R = {z: ! < Izl < I}. Recall that 
B was constructed in the form B = A 0 'I' , where 'I' is a Cayley inner function 
and 

, _ eis /2 

A(C) = r -is/2 .,-e 
with s = ILlI. Recall that B(O) = 0 and, in the notation of §2, B maps almost 
all of the set Ll onto r = {e iX : 0 < x < s}. The inequality on IB(z)1 given 
above will be obtained by comparison of the Cayley inner function associated 
to B with the Cayley inner function associated to the function azn on D. To 
this end, let J I , J2 , ••• ,In be equally spaced arcs of length sin in aD with 
Jk centered in Ik . (Ik has the same meaning here as in §2: equally spaced arcs 
of length 1 I n used in the construction of B.) Set J = uZ= I Jk and define the 
Cayley inner function 

{ i r e iO + z } <1>( z) = exp 2' J J eiO _ z de. 
Lemma 4.1. For some complex a with lal = I, A(<I>(z)) = azn . 
Proof. Choose u with lui = I so that the endpoints of uJk = {uz: z E Jk} 
are eirk and eiSk with 0 S rk < sk < 27r and 0 = r1 < ... < rn' Then one 
computes 

n n is n-I is/n 
1-1( n n) _ -is/2U Z - e -is/2 IT UZ - e W k 

I\. UZ -e nn =e 
u z - I k=O UZ - w k 

where wk = e2rrik/n . On the other hand, a change of variables gives 

<I>(z) = IT exp {~r e:~ + uz de} . 
k=l JUJk e - uz 
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One can compute directly [RR, p_ 296] that 

{ i 1 e iO +, de} _ i(rk-sk)/2' - e iSk 
exp - -. -- - e . 2 uJk e lO _ , , _ elrk 

. I ir d is is/n h But III our setup, rk - sk = -s n, e k = W k_ 1 an e k = e W k_ l , W ence 

n is/n 
<I>(z)=e-iS/2rrUz-e W k _ 1 =,Cl(unzn ). 

k=1 uz - Wk_ 1 

The conclusion follows with 0: = un. 0 

In the next lemma we compare 10g'J' and log <I> on 1 z 1 = ~ . 

Lemma 4.2. If 1 z 1 = ~, then 

Ilog'J'(z) -log<I>(z)1 :::; 2v'2*. 
Proof. By definition, 

I

i r e iO + z i r e iO + z 1 Ilog'J'(z) -log<I>(z)1 = 2 I'1 eiO _ z de - 21J eiO _ z de 

n I' / iO 1 I iO iO e + z :::; L -2 (Xt. (e ) - XJ (e ))0 de, 
k k el - z k=1 

where !J.k =!J. n Ik and Jk = J n Ik . For fixed z with Izl = ~ , we write 
. iO 

!... e + z = U( iO) ·V( ilJ) 2 ilJ e + I e e - z 
with U and V real-valued. Let mk and Mk denote the infimum and supre-
mum, respectively, of U over Ik . An easy calculation shows that Mk - mk :::; 

21 I k l· Moreover, since IJkl = l!J.kl = sin we have 

mk!... :::; / Xt. U de :::; Mk!...' n k n 
and similarly with XJ replacing Xt. . It follows that 

k k 

I/ (xt. - XJ )U del:::; (Mk - mk )!... :::; 21 Ik l!... = 2~2 . 
k k n n n 

The same estimate holds with V replacing U and we conclude 

110g'J'(z) -log<I>(z)1 :::; 2v'2";'. n = 2v'2!.... 0 
n n 

We now estimate 8(z) = A('J'(Z)) for Izl = ~ . 

Lemma 4.3. There is a universal constant no so that if n 2: no' 

14 1 
IB(z)1 :::; n for Izl = 2' 
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Proof. Our first task is to obtain the estimate 

(4.1 ) I is I 3s. 1 log\f(z) - 2 ::; n if Izl = 2: 
and n ~ no ; we take the principal branch of the logarithm, log 1 = O. To this 
end write 

IIog\f(Z) - ~I::; Ilog\f(z) -log<I>(z)1 + IIOg<I>(Z) - ~I· 
Now the first term has been shown in Lemma 4.2 not to exceed 2J2*. To 
estimate the second term we use Lemma 4.1 and the definition of A to write 

IIOg<I>(Z) - ~ I = Ilogr l (az n ) -logr 1 (0)1. 

By computing the derivative of log A -I (') and estimating its size for 1'1 ::; rn , 
one obtains the estimate 

-I n -I S IlogA (az) -logA (0)1 < 2 - 2n(1 _ rn) 

for Izl = -!. Putting this together with the first part yields the desired result 
(4.1), provided n ~ no and no is sufficiently large. 

Next we use (4.1) to obtain the desired inequality on IB(z)1 for Izl = -!. 
Note that B(z) = r(log\f(z)), where r(z) = A(e z ) , so that 

IB(z)1 = Ir(log\f(z)) - r(log\f(O))I· 

Let us denote the closed disk centered at is/2 and of radius 3s/n by W. 
Clearly we need to estimate the size of r' on W. Now r' (z) = A' (ez)ez and 
an easy estimate shows that IA'I ::; 2/ sin(s/2) ::; 9/(2s) in the upper half-plane 
(using s::; 1). Thus for z in Wand n ~ no' where no is large enough, 

I '( ) I < ~ 3s / n < ~ 
r z - 2s e - 3s' 

Hence 
14 3s 14 

IB(z)1 = Ir(log\f(z)) - r(log\f(O))1 ::; -3 . - = -, s n n 
as claimed. D 

Finally, we use Lemma 4.3 to obtain our desired estimate on B. We may 
take the universal constant here to be the same as in Lemma 4.3; just make it 
bigger if necessary. 

Lemma 4.4. There is a universal constant no such that 

IB(z)1 ::; Izl10gn for -! < Izl < 1, 

provided n ~ no . 
Proof. Let M(r) denote the maximum value of IB(z)1 on Izl = r. We have 
just shown in Lemma 4.3 that M(-!) ::; 14jn provided n ~ no' For '1 < 1 and 
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arbitrarily close to 1 we have trivially M(r l ) ~ 1. Hence for ! < r < rl < 1 , 
Hadamard's Three Circles Theorem implies 

( 
14)IOg(rl/r) M(r)log(2r l ) ~ n 

We may let r l -t 1 to find that 

M(r) ~ _ < r10gn , ( 
14) log(l/r)/log 2 

n 

where the last inequality holds provided n > e9 . 0 

5. COMPOSITION OPERATORS ON 9 

In this section we give a general method for estimating the norm of a com-
position operator, induced by an analytic map ¢: D -t D with ¢(O) = 0, and 
acting on a space 9 as defined in §3. We then apply this result to estimate 
II Til, where T is the composition operator induced by the inner function B of 
§2. 

Before stating the main result of this section we record a change of variables 
theorem which will prove useful. Shapiro gives a version of this in [Sh]; the 
proof there, with obvious modifications, also yields the slightly more general 
formula we need. For each W in ¢(D), the range of ¢, we let {Z(W)}>I 

1 L 
denote the set of distinct zeros of ¢ - W . 

Lemma 5.1. Let g and E be nonnegative measurable functions on D. Then 

/, g(¢(z))I¢' (z)1 2 E(z) dA(z) = 1 g(w) (2: E(Zj(W))) dA(w). 
D ¢(D) j~1 

Since we are assuming ¢(O) = 0 we also have Littlewood's inequality 
1 1 

(5.1) ~IOgIZj(W)1 ~IOglWT' WE¢(D), 
1-

which can be found in [Ne, p. 52] or readily deduced by evaluating both the 
function (¢ - w)(l - W¢)-I and its Blaschke factor at the origin. 

For 0 ~ p < 1, let R denote the annulus {z: p < Izl < I}. We omit the 
easy proof of the next lemma. 

Lemma 5.2. There exists c > 0, depending only on p and F, such that 

Ilull~ ~ c llu'I2 F (log I!I) dA 

for every u analytic on D with u(O) = O. (Here we understand that such a u 
lies in 9 exactly when Ilult::g < 00.) 

In the statement of the next theorem, which is the main result of this section, 
T¢ is the composition operator defined for u E 9 by T¢u = u 0 ¢, and c 
denotes the constant of Lemma 5.2. 
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Theorem 5.3. Let ¢: D -+ D be analytic with ¢(O) = O. If there exist numbers 
A > 0 and 0 ~ p < 1 so that 1¢(z)1 ~ IzlA for z in R = {p < Izl < I}, then 
T¢> is a bounded operator on :;g and 

2 AF(t/A) II T¢>Il ~ csup F() . 
1>0 t 

Before giving the proof of this theorem, we note a corollary which is our 
immediate goal. Recall that T denotes the composition operator induced by 
the inner function B defined in §2, and that B depends (among other things) 
on an integer n ~ 2. In the following we assume n ~ no' where no is the 
universal constant of Lemma 4.4. 

Corollary 5.4. If T is defined on :;g by Tu = u 0 B, then T is a bounded 
operator on :;g and 

IITI1 2 < 10gnF(t/logn) 
- c sup F( ) , 

1>0 t 

where c is the constant of Lemma 5.2 for p = ~ . 

Proof. By Lemma 4.4, IB(z)1 ~ Izl10gn on {z: ~ < Izl < I}. The result now 
follows immediately from Theorem 5.3. D 

Proof of Theorem 5.3. If u E:;g , Lemma 5.2 implies that 

(5.2) IIT¢>ull~ ~ c t l(T¢>U)'1 2 F (lOg I!I) dA 

= c tlU' (¢(z))1 21¢' (z)1 2 F (log I!I) dA(z). 

Now apply Lemma 5.1 with 

E(z) = XR(z)F (log I!I) 

to conclude that the right side of (5.2) is equal to 

(5.3) c LD) lu'(Ill)I' {~XR(Zi(W))F (lOg IZ)W)I) } dA(w). 

Now let P(t) = F(t)/t, a non decreasing function on (0,00). If W E ¢(D) and 
XR(Zj(w)) # 0, we see that the hypothesis 1¢(z)1 ~ IzlA for z E R yields 

1 1 1 
log Iz(w)1 ~ A log TWT 

) 

and hence 
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Thus (5.3) cannot exceed 

AF(t/A)! I 2 ( 1) AF(t/A) 2 
c~~~ F(t) Diu (W)I Flog IWT dA(w) = c~~~ F(t) Ilullg-

as desired. 0 

We remark that since we always have 14>(z)1 ~ Izl in D by the Schwarz 
lemma, we may take p = 0, A = 1 and c = 1 in Theorem 5.3 to conclude 
that T¢> is always a contraction operator on 93 , with no hypothesis on 4> besides 
4>(0) = O. 

It is interesting to apply Theorem 5.3 to estimate the norm of a composition 
operator acting on the subspace of a weighted Bergman space consisting of those 
functions which are zero at the origin. That is, for fixed a > -1 we consider 
the weighted Bergman space p2((1 -lzl)C>dA) and let 

L = {u E p2((1 -Izl)" dA): u(O) = O}. 

From Lemma 3.1 and the fact that 1 - r and log f are comparable for r near 
1 we conclude that the expression 

{DU'(Z)" (log ,!f' dA(z) r 
gives an equivalent norm on L. In other words, the space 93 associated to 
F(t) = t+2 is exactly our subspace .,It with an equivalent norm. If 4>: D -t D 
is analytic and 4>(0) = 0, let us write T¢>IL for T¢> considered as a bounded 
operator on L. Theorem 5.3 immediately implies the following estimate. 

Corollary 5.5. If 4>: D -t D is analytic with 4>(0) = 0, and if 14>( z) I ~ I Z IA on 
the annulus {z: p < Izl < I}, then 

II T¢>ILII ~ cA-(l+a) 

for some constant c depending only on p and a. 

This result contrasts sharply with the situation for composition operators 
acting on the Hardy space H2 where, for example, if 4>(0) = 0 and 4> is inner, 
then T¢> is an isometry. 

We may also relate the estimate for IIT¢>ILII to the location of the zeros of 
4>. 



16 T. L. KRIETE III AND B. D. MacCLUER 

Proposition 5.6. Suppose ¢: D -+ D with ¢(O) = 0, and let {Pkh>1 be the 
zeros of ¢, repeated according to multiplicity. Then there is a constant b > 0, 
depending only on a, such that 

II TtjJA"11 2 ::; b (2)1 -IPkl)) -(I+a) 
k~1 

Proof. By Corollary 5.5 it suffices to show that 1¢(z)1 ::; IzlA on the annulus 
R = {z: -! < Izl < I}, where A = a Lk~1 (1-IPki) and a is a positive constant. 
The Blaschke factor (z - Pk)/(1 - Pkz) of ¢ has modulus equal to 

Since - log r ~ 1 - r on (0, 1] this is bounded above by 

Using the identity 

one obtains 

If zER, 

and hence 

where a = (1610g 2) - 1 • 

Thus for z E R we have 

1 1 
1 - 1 z 1 ~ 2 log 2 log fZT ' 

I t --~kz I ::; Izla(I-IPkl) , 

1¢(z)1 ::; III t _-~kz I ::; Izla L(I-IPkl) 

as desired. 0 

6. ABOVE THE LOG CUTOFF: THEOREMS A AND B 

In this section we consider the case where G(r) decays to zero no more 
rapidly (roughly speaking) than exp( -C /( 1- r)). We present a general theorem 
from which Theorems A and B will be deduced. Let us begin with a simple 
lemma. 
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Lemma 6.1. If £51 < £52 , then Q( £51 ' e) S 2Q( £52 , e) . 

Proof. Let I be an arbitrary arc of length £52 , Clearly it suffices to show t.J.at 
for e > 0, Q[(e) 2: ~Q(£51' e). Since £51 < £52 , we may write I = LU(U~=1 Jk), 
where L and each Jk are arcs with IJkl = £51, ILl S £51, and n 2: 1. Now 

n 

l{e iX E I: w(e iX ) S e}l2: L l{e iX E Jk : w(e iX ) S e}1 

Thus 

k=1 
n 

2: LQ(£51, e)IJkl = n£51Q(£51, e). 
k=1 

We can now state and prove the main theorem of this section. Recall JI. = 
GdA+wde and F is any positive measurable function on (0,00) satisfying 

(a) O<r<l, 

(b) 1000 F(t)e -21 dt < 00, 

(c) F(t)/t is nondecreasing on (0, 00). 

If n 2: 2, let 

[1 - 10gnF(t/logn) 
n - sup F( ) . 

1>0 t 

Theorem 6.2. Suppose to > 0 and let f: (0, to) -+ (0, 2n) be a strictly in-
creasing continuous function with f(t) -+ 0 as t -+ O. Suppose that for some 
sufficiently large N > 0 and all integers n 2: N the numbers en defined by 
f(en) = ~ satisfy en+ 1 2: e: and en > [1: for some positive constants K and 
d. If 

1 sup Q(f(e) , e) log - = +00, 
O<e<~ e 

then 
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Proof. Given M > 0 we may by hypothesis choose e * m (0, 1) such that 

* * 1 Q(f( e ), e ) log -. > M. e 
Clearly the sequence {en} (defined in the statement of the theorem) decreases 
to 0, so if M is large enough, e* will be close enough to 0 so that en+1 < e* ::; en 
for some n ~ N. Note that e: ::; en+1 < e* . We find 

( 1 ) 1 (1 *) 1 1 ( 1 *) 1 Q -, en log- ~ Q -, e log- ~ KQ -, e log-. 
n en n en n e 

1 * * 1 M 
~ 2KQ(f(e ), e ) log e* ~ 2K' 

where in the penultimate inequality we have used f(e*) ::; * plus Lemma 6.1. 
Let us associate a measurable set .1 C oD with nand e = en as follows. 

Select arcs II' 12 , ••. , In' equally spaced around oD and each oflength * . By 
the definition of Q( () , e) we can select, for each k = 1 , 2, ... , n , a measurable 
subset .1k C Ik such that w ::; en on .1k and l.1kl = Q(*, en)*. We put 
.1 = UZ=I.1k and note that 1.11 = Q( * ' en)' Let Band T be, respectively, 
the inner function and composition operator associated to .1 as in §§2 and 3. 
According to Corollary 5.4, II TIl 2 ::; C P n (we can clearly assume that n ~ no ' 
simply by taking M large enough). Also, without loss of generality we may take 
d ~ 1 in our hypothesis. By Lemma 3.3 and the above chain of inequalities . J 2 2 11(1 e )/2rr 11(1 e )/2rr mf IXD - pi dfJ,::; a(en + KIITII) n' n ::; a(en + KCPn ) n' n 

PEp2{j.1) 

11(1 e )/2rrd -M/4rrKd ::; a(1 + KC)en n' n ::; a(1 + Kc)e . 

Now let M ~ 00 to conclude that XD E p 2 (fJ,). 0 

We next interpret Theorem 6.2 using two natural choices for G. In both 
cases we determine the appropriate choices for f, depending on {Pn }, so as 
to satisfy the hypotheses of Theorem 6.2. The reader will note that an essential 
change, as we vary G, is the ratio of f(e) to e. 

Our first class of examples consists of the weights G(r) = (1 - r)" , 0: > -1 . 
In this case the spaces p2 ( Gd A) are the standard weighted Bergman spaces. 
One computes directly that 

jl [1.1 G(y)dy 1 dx = (0: + 1)-1(0: + 2)-1(1_ r)"+2. 

Since log * ~ 1 - r, condition (a) above will be satisfied with 

F(t) = (,+2/(0: + 1)(0: + 2). 

Since 0: > -1, F will also satisfy conditions (b) and (c). Moreover, Pn 

(logn)-I-o. Setting f(t) = e- I / t' (where y > 0), or equivalently, en = 
(logn)-I/Y in Theorem 6.2 yields: 
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Theorem A. Let fl = (1 -Izl)n dA + w de where a> -1. Suppose y > 0 and 
let f(t) = e- I/I ' . If 

1 sup Q(f(e) , e) log - = +00, 
0<[;<1 e 

then p2 (fl) = p2 (( 1 - I z I)" d A) EEl L 2 (w de) . 

We next consider functions G which decay exponentially. 

TheoremB. Let fl=GdA+wde, where G(r)=exp(-(I/(I-r))"), O<a~ 
1. Set f(t) = exp( -(log t )(n+I)/<». If 

1 sup Q(f(e) , e) log - = +00, 
0<[;<1 e 

then P2(fl) = P2(GdA) EEl L2(w de). 
Proof. We begin by defining a function F(t) satisfying (a), (b), and (c) above. 
One shows easily that Fo(t) = exp(-Ca + t) satisfies (a) and (b), but that 
Fo(t)/t may be decreasing on an interval (tl' t2) with 0 < tl < t2 < 1. Modify 
this choice by setting F(t) = Fo(t)Q(t) where Q(t) is a nondecreasing function 
which is 1 on (0, t l ), increasing sufficiently rapidly on (tl' t2) so that F(t)/t 
will be nondecreasing there, and constant on (t2' (0); clearly conditions (a) 
and (b) are preserved under this modification. Moreover, if n ~ 3 , 

(6.1 ) f3 log nFo (t / log n) < sup ---'--~'-:---
n - 1>0 Fo(t) 

since Q is nondecreasing. A computation shows that 

Fo(tjlogn) < ( ()(l )a/(a+I)) sup 17 ( ) _ exp -c a og n , 
1>0 1'0 t 

where c(a) is a positive constant depending only on a. If 

f(t) = exp( -(log(l/t))(a+I)/a) and en = exp( -(logn)"/(a+I)), 

then f(e n) = * and en ~ f3~/c(a) for large n. Thus the theorem follows from 
Theorem 6.2. 0 

In comparing Theorems A and B one expects to find that the hypotheses 
become weaker as the weight function G(r) decreases more rapidly as r l' 1 . 
This is indeed the case, as can be seen by first noting that the function f tends 
to zero more rapidly in Theorem A and less rapidly in Theorem B. Moreover, 
Lemma 6.1 implies that the hypothesis 

1 sup Q(f(e) , e) log - = +00 
0<[;<10 e 

becomes easier to satisfy as f tends to zero more slowly. 
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We complete this section with a construction of weight functions w for 
which Q( £5 , e) will have prescribed behavior. Recall that Q( £5 , e) typically 
tends to zero as £5 and e individually tend to zero. The content of the next 
proposition is that within this constraint one may construct positive functions 
w on aD for which Q(£5, e) decreases as slowly as desired. Hence there is no 
difficulty in finding functions w to satisfy the hypotheses of Theorem 6.2. 

Proposition 6.3. Let p and q be strictly increasing continuous functions map-
ping [0, 1] onto [0, 1] (so that p(O) = q(O) = 0). Then there exists a positive 
bounded measurable function w on aD and a positive number C for which 

Q(£5, e) ~ Cq(£5)p(e), O<£5,e<l. 
Proof. It clearly suffices to construct w with w > 0 a.e. For notational conve-
nience, we define w on [0, 1] instead of aD. For a, x E [0, 1] (with a> 0) 
and fixed r E (0, 1), let 

{

X -r if 0 < x :S a, 
h (a , x) = a - r if x = 0 , 

o otherwise. 
We call any translate of h a spike of width a. For n = 1, 2, 3, ... , choose 
positive numbers i(n) i 00 as n i 00 so that q(I/i(n))r = Tn. We define 
gn(x) on [0, 1] as follows. On [0, I/i(n)], gn(x) = h(1/i(n), x). Let [i(n)] 
denote the greatest integer in i(n). Extend gn to all of [0, [i(n)]/i(n)] to 
be periodic of period I/i(n). Finally, if i(n) is not an integer, define gn on 
([i(n)J!i(n) , 1] by 

( 1 [i(n)]) 
gn(x) = h i(n)' x - i[n) . 

Thus gn consists of [i(n)] "full spikes" of width I/i(n), together with (possi-
bly) a final spike of width less than l/i(n). Note that 

t gn(x) dx :S i;n)r-l ([i(n)] + 1) :S -1 2 i(n)r. 10 - r - r 

Next, set an = 2- n i(n)-r and consider g = 2::;:1 angn . The above inequality 
shows that gEL 1 [0, 1] and hence that g is finite a.e. 

Next we define a strictly increasing function ¢ on (0, 00) by ¢(log t) = 

p(e)-r and set w(x) = exp( -¢ -1 (g(x))). Since g < 00 a.e., w will be a.e. 
positive. To complete the proof of the proposition, we need to estimate the 
measure of the sets Fe == {x E I: w(x) :S e}, where I is an arc with 111= £5. 
By the definition of w , 

lFel = I{x: X[(x)g(x) ~ ¢(1ogt)}l. 
For £5 less than some sufficiently small £50 , we may choose N so that l/i(N) :S 
£5 but I/i(N - 1) > £5. Since g = 2::angn ~ aNgN , where the function gN IS 

as defined above, using intervals of length 1/ i(N) , we have 

(6.2) lFel ~ I{x: X[gN ~ ¢(1ogt)/aN}I. 
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By considering the graph of g N on I, one sees that 

l{xjgN 2 11}1 2 min{III, [r5i(N)]l1-l j r} 2 min{r5, 2- 1 r5i(N)l1-l/r}. 

Using this in (6.2), together with the definition of aN' gives 

Wei 2 min{r5, 2-(N+r)/r r5p(e)}. 

Recall that r(N-l)/r = q(l/i(N - 1)) so that 

2-N/r = 2- 1/ r ( 1 ) > 2- 1/ r (r5) 
q i(N - 1) - q 

by our choice of N. Thus, for r5 < r50 

Wei 2 min{r5, 2-(I+r)/r r5q(r5)p(e)} = 2-(I+r)/r r5q(r5)p(e), 
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or equivalently, Q(r5, e) 2 r(I+r)/r q(r5)p(e) since I is an arbitrary interval 
of length r5. Finally, we may replace r(l+r)/r by a sufficiently small positive 
constant C so that Q(r5, e) 2 Cq(r5)p(e) holds for all r5 < 1. 0 

7. BELOW THE LOG CUTOFF: THEOREMS C, c' AND D 

In this section we consider weights G which decay to zero faster than 
exp(-C/(l - r)), and also present our necessary condition for splitting, Theo-
rem D. The essential change here (as compared with the results of §6) is that 
splitting is guaranteed by the hypothesis 

1 sup Q(f(e), e) log - = +00 
O<e<to e 

for any choice of f(t), provided f(t) tends to zero with t. That such freedom 
in choosing f is not available in the settings of Theorems A and B will be made 
clear in the next section. 

Our most general result is formulated in terms of Q/(e), the proportion of 
the arc I on which w ::; e. Recall that log w ~ weak L 1 (1) exactly when 

1 sup Q/(e)log- = +00. 
O<e<1 e 

Theorem C. Suppose that f.1 = G dA + w de where G(r) is decreasing for r 
near 1 and satisfies 

(7.1 ) lim( 1 - r) log G(l ) = +00. 
ril r 

Suppose that for every pair N 1 , N2 of positive numbers there exists e > 0, an 
integer n 2 N 2 , and equally spaced arcs II' ... , In in aD, each of length ~, 
such that 

(7.2) 
1 

Q / (e) log - > Nl ' 
k e k=I,2, ... ,n. 

Then p2(f.1) = P2(GdA) ffi L2(W de). 
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Examples of functions G which satisfy the hypothesis of Theorem C are the 
exponential weights (1. 3) with 0: > 1 as well as the double exponential weights. 
We postpone the proof of Theorem C until the end of the section. 

For the purpose of comparison with Theorems A and B we state an alternate 
version of this result. 

Theorem C'. Suppose that f.l = GdA + w de where G(r) is decreasing for r 
near 1 and satisfies 

lim(1 - r) log G(l ) = +00. 
ril r 

If there exist sequences {<5n} and {en} of positive numbers, both tending to zero, 
such that 

then p2(f.l) = P2(GdA) EB L2(w de). 
Proof. We derive Theorem C' from Theorem C. Assume that the hypotheses 
of Theorem C' hold. Let N I , N2 > 0, choose any integer n ;::: N2, and let 
II' ... ,In be equally spaced arcs in aD, each of length ~. Choose j such 
that <5) ~ ~ and 

I Q( <5 , e) log - > 2NI . 
J J e 

J 

Setting e = e) we have, for each k = 1,2, ... , n (using Lemma 6.1), 

I (I) I I I Q[(e)log-;:::Q -,e log-;:::-2 Q(<5J ,e)log->NI . 
ken e e 

The conclusion now follows from Theorem C. 0 

The next result is Theorem D, our necessary condition for splitting. We 
require that G satisfy a mild technical hypothesis, namely, that there exists p, 
o < p < I , so that G is continuously differentiable on (p, I) and satisfies 

(7.3) b I -d G(r) ~ -G (r) ~ G(r) , p<r< I, 

where band d are positive constants with b < 2 . 

TheoremD. Suppose that f.l = GdA+wde where G satisfies (7.3) and G(r)---+ 
o as r ---+ I . Suppose further that 

(7.4 ) t I 11-<5 log log G(r) dr < 00 (<5 small). 

If p2 (f.l) splits, then there is no arc I caD with log w ELI (I) . 
Note. The technical hypothesis (7.3) can sometimes be avoided. Consider, for 
example, any weight G(r) which is bounded away from zero for r near 1. Then 
(7.3) may fail (and (7.4) may not even make sense), but Theorem D applies to 
f.l = G dA + w de nevertheless. To see this, observe that G(r) ;::: I - r for r 
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near 1, so that if p2(fJ.) splits, so does P2((1 - Izl) dA + w de); moreover the 
weight 1 - r satisfies both (7.3) and (7.4). 

The proof of Theorem D is a minor but important modification of the proof 
of Theorem 3 in [Krl]. For completeness we sketch the argument. The following 
lemma is crucial; its proof is contained within the proof of Lemma 4 in [W]. 

Wermer's Lemma. Let P be a positive, bounded measurable function on the real 
line R satisfying 

100 10gP(x) d 
--=-:""2c'- X > -00, 

-00 I + x 
with P(x)P(y) ~ P(x + y) for all x, y. If I c R is a nonempty open inter-
val, then there exists a continuous function h on R, supported on I but not 
identically zero, whose Fourier transform h satisfies Ih(x)1 ~ P(x) for all x. 
Proof of Theorem D. Assume that fJ. satisfies the hypotheses. Since p2 (fJ.) 
splits, there is no harm in assuming that w ~ I a.e. and that 

t 2 -I }o(l-r) G(r)rdr<oo. 

We write 

P(x) = fal /lxl+IG(r)dr, xER, 

so that in our notation from § I, P(n) = Pn' n = 0, 1, 2, .... Clearly we may 
assume that P(O) < I. An application of Holder's inequality to the integral 
defining P shows that -log P is concave down on [0, (0). Since - log P is 
also positive, it is easy to see that it is subadditive, that is P(x)P(y) ~ P(x + y) 
for x, y ~ O. This last inequality persists for all real x, y. Condition (7.3) 
allows us to invoke Theorem 7 of [Krl] which states that convergence of the 
integral in (7.4) is equivalent to 

/
00 10gP(x) d 

----"-'-:2:-'- X > - 00 . 
-00 I + x 

Now assume, for the purpose of obtaining a contradiction, that there is a 
nontrivial arc I c aD with log w ELI (I). Let us think of aD as a real 
interval of length 27r, so that I becomes an interval in R. We have verified 
that P satisfies the hypotheses of Wermer's lemma; let h be the continuous 
function, supported on I and with Ih(x)1 ~ P(x) , which that lemma produces. 
On considering h as defined on a D by restriction, we see that its nth Fourier 
coefficient cn satisfies 

for n = 0, 1 , 2, .... 
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Now let an = -cnlPn and put f(z) = ~:oanzn . We check that f lies in 
P2(GdA) : 

(Xl (Xl I 12 f Ifl2GdA = 271: L laiPn = 271: L ~ 
n=O n=O n 
~ t 2-\ < 271: ~Pn = 271: ln (1 - r) G(r)rdr < 00, 
n=O 0 

as desired. 
Now, note that if n ~ 0, 

/ jZnGdA + ( hzn dO = 271:anPn + 271:cn = 0, 
D laD 

so that the pair fEB h is orthogonal in P2(GdA) EB L2(dO) to the subspace 
spanned by {zn EB zn}:o; this subspace is of course P2(GdA + dO). Since 
log w E L \ (I), there exists an outer function g in H(Xl with I gl = w a.e. 
on I and Igl = 1 a.e. on aD \ I. Since zn g lies in P2(GdA + dO) when 
n = 0, 1 , 2, ... , we see that 

O=/fzngGdA+ { hzngdO=/(Jg)ZnGdA+/hgznwdO 
D laD D / W 

for n = 0, 1, 2, .... Now consider the bounded function v which agrees with 
hglw on I and vanishes on aD \ I. Further let u denote the orthogonal 
projection of Jg (an element of L2(GdA)) onto p2(GdA). We see from the 
last equation that u EB v is a nonzero vector in p2(G dA) EB L2(W dO) which is 
orthogonal to p2 (f.l) , a contradiction of our hypothesis that p2 (f.l) splits. 0 

It is interesting to apply Theorems C I and D to the special case of w = XE . 
The resulting corollary also follows from Theorem 1.2 and Theorem D. 

Corollary 7.1. Let f.l = G d A + XEd 0 where G satisfies the technical hypothesis 
(7.3). Suppose that conditions (7.1) and (7.4) hold. Then p2(f.l) = P2(GdA)EB 
L2(E) if and only if II \ EI > 0 for every arc I c aD. 
Proof. For any arc I caD and 0 < e < 1 we have 

O/(e) = II \ EI/III· 
Suppose now that II\EI>O for every arc I. Fix JE(0,271:) and let 1(0) be 
the arc with center ei6 and with 11(0)1 = J. Note that 11(0) \ EI is a positive 
continuous function of 0 and thus 

O(J, e) = i~f II(O~ \ EI 

is positive as well as independent of e. Given any sequence I n 10, we can thus 
choose en 1 0 with 
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and Theorem C' implies that p2 (/1) splits. Conversely, if there exists an arc I 
with II\EI = 0, then 10gXE EL I (I) and we may apply Theorem D to conclude 
that p2 (/1) does not split. 0 

In order to prove Theorem C we will need to construct a function F (and 
an associated weighted Dirichlet space 9 as described in §3); we want F to 
satisfy the conditions (3.2a), (3.2b), and (3.2c). Since we can alter G(r) on any 
interval [0, p], 0 < p < 1 , without affecting the conclusion of the theorem, we 
are free to assume that G is bounded and decreasing on all of [0, 1). Now let 
J(t) = G(1 - t) for 0 < t ~ 1. We extend J to be increasing and continuous 
on all of (0,00), and define F(t) = t2 J(t). Clearly we can assume that 

1000 e- 2tF(t)dt < 00. 

Note also that F(t)/t = tJ(t) is nondecreasing. Since G is decreasing and F 
is increasing, we have 

[1 (lx1 G(s) dS) dx ~ (1 - r/G(r) = F(1 - r) 

~ F (log * ) , 0 < r < 1. 

Thus F satisfies conditions (3.2) and we define the space 9 as in §3 with 
norm given by 

lIull~ = L lu'I2 F (lOg I~I) dA. 

The proof of Theorem C will ultimately invoke the distance estimate Lemma 
3.4; for now recall the outer function h which appears in that estimate: 

{
-I sj21t r h 2 _ e e a.e. on , 

(7.5) 1 1 - sj21t \ r e a.e. on aD , 
where r = {e iX : 0 < x < s}. We wish to estimate 111 - hllgr , a quantity which 
depends on the parameters e and s and which we expect to be large. However, 
the hypotheses (7.1) will allow us to dominate 111 - h IIg by a function of the 
single quantity i, and this will be enough for our purposes. The resulting 
estimate is best expressed in terms of the strange function 

e(t) = (IOg~) 2 j exp {.!. (IOg~) -1 -II- I} J(a(1 -lzP) dA(z), 
t D 7l t - z (1 -Izl) 

where a = 210g2. 

Lemma 7.2. If (7.1) holds, then e(t) < 00 for all t> O. 
Proof. Our hypothesis (7.1) on G implies that if K > 0, then 

J(a(1 -Izl)) ~ exp(-K/(1 -Izl)) 
provided Izl is near enough to 1. The finiteness of e(t) follows. 0 
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Lemma 7.3. Suppose that (7.1) holds. Given e E (0,1) and s E (0,1], let h 
be the outer function defined by (7.5). Then 

111 - hll~ ~ b8(es ) , 

where b > 0 depends only on F. 
Proof. Let R = {z: ! < Izl < I}. We have 

1 
10gTZT ~ a(I-lzl), z ER, 

where a = 2 log 2. Since f is nondecreasing, 

F (lOg I!I) ~ F(a(1 -Izl)) ~ a2 J(a(1 - Izl)), 

and we may apply Lemma 5.2 to conclude that 
2 2 { ,2 (7.6) 111 - hl19 ~ ca JR Ih I J(a(1 -lzl))dA. 

We can use the formula 

l ei + z iO dO { ~ } h(z) = exp ~ loglh(e )1-2 aD e1 - z n 

ZER, 

and (7.5) (as well as the relations eS < 1 and In = s) to check that 

Ih'(z)12 < C 4 (log (~))2Ih(Z)12 
(1-lzl) e 

< C 4 (log(~))2 exp{~IOg(~) -1 1_1 I} (1-lzl) e n e -z 
for some C > 0 and all zED. The lemma follows on substituting this estimate 
into (7.6). 0 

Proof of Theorem C. Let N > o. By hypothesis there exists e in (0, 1), an 
integer n > 1, and n equally spaced arcs II' ... ,In in aD, each of length 
~ , such that both 

(7.7) 

and 

1 -N 1 -8(e )<-logn - N 

1 
OJ (e) log - ~ N for k = 1,2, ... , n. 

k e 
Clearly then, for each k there exists a measurable set 11k C Ik with W ~ e 
on 11k and with n Il1k I log t = N. Set 11 = UZ= I 11k and associate the inner 
function B to 11 as in §2. As usual T will denote the composition operator 
T: f --+ foB, acting on our space !lJ. As in §2 we have s = 1111 = In. Since 
s = 1111 = nll1kl (for each k) we have eS = e-N . Now let h be the outer 
function associated to e and s as in (7.5). Lemmas 3.4 and 7.3 tell us that 

inf J IXD - pl2 dfl ~ ae -N/2n + Kbll T11 28(e -N). 
PEP2(1l) 
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We use Corollary 5.4 to estimate II TIl 2 • We may assume n ;::: max(3, no) so 
that 

IITI1 2 < 10gnF(t/logn) 
- csup F( ) 

1>0 t 

= csup logn(t/logn)2 J(t/logn) < _c_, 
1>0 t2 J(t) - logn 

the last inequality holding because J is nondecreasing. On combining this with 
(7.7), we conclude that 

inf ! IXD - pl2 df-l::; ae- N / 2n + KcbN- 1 . 
PEP2(fl) 

Since N is arbitrary, we have XD E p2(f-l). 0 

8. SHARPNESS 

It is clear from Theorem D and Corollary 7.1 that Theorems C and C' are 
quite sharp; in this section we consider Theorem 6.2 and Theorem A. We inquire 
into the sharpness of our hypothesis 

1 sup Q(f(e) , e) log - = +00, 
O<e<lo e 

both with respect to the choice of f (a function associated somewhat loosely 
to the weight G) and with respect to the factor log ~. Let us begin with the 
latter. 

Theorem 8.1. Suppose 0: > I, 0 < to ::; 1 and let f: (0, to) -+ (0, 2n) be any 
continuous, strictly increasing function with f(t) -+ 0 as t -+ O. Then there 
exists a positive w ELI for which 

sup Q(f(e) , e) (log !)'" = +00, 
O<e<lo e 

yet log W ELI. Thus if v is any measure carried by D and f-l = v + W de, 
then p2 (f-l) does not split. 
Proof. We use the proof of Proposition 6.3, with appropriate choices for the 
functions p and q, to construct w. Begin by fixing r < 1 and y > 0 so 
that 0: > } + y. Define p and q to be strictly increasing continuous functions 
mapping [0, 1] onto [0, 1] so that for e and J sufficiently small p( e) = 
(_loge)-l/r and q(J) = [-10gf- 1 (J)]-Y . Using these functions p and q and 
our chosen value of r, construct gEL 1 as in the proof of Proposition 6.3 
and set w(x) = exp(-q':>-l(g(x))), where p(e)-r = q':>(log~). Since logw(x) = 
-g(x) when w(x) is small, we have logw ELI. Moreover, for e sufficiently 
close to 0, 

Q(f(e) , e);::: Cp(e)q(f(e)) = C(log~)-l/r-y. 
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Hence, by our choice of rand y we have 

sup Q(f(e) , e) (lOg !)" = +00. 0 
O<e<to e 

Next we consider sharpness with respect to f. Our original intuition was 
that the inner function B defined in §2 should satisfy an inequality of the form 
!B(z)1 :::; Izl nb or even IB(z)1 :::; Izl bn on some annulus (where b is a possibly 
small positive number), thus improving the conclusion of Lemma 4.4. While we 
were unable to show this, we point out that if this were true, improved versions 
of our theorems would result. For example, in the case f1 = (1-lzl)" dA +w de 
either of the above estimates would allow one to choose f(t) = tY (for any 
y > 0) in Theorem A to conclude that splitting occurs if 

Y 1 sup Q( e ,e) log - = +00 . 
O<e<1 e 

Whether or not Theorem A can be so improved, we will see that one cannot 
hope to do much better. Specifically, we have the following result. 

Theorem 8.2. Let 0 < P < 1 and suppose that f(t) = exp( -(log + l). Then 
there exists a weight function w (in fact w = X E where E is a Cantor-like set) 
for which 

1 
sup Q(f(e) , e) log - = +00, 

O<e<1 e 
yet P2((1 -Izl)" dA + XE de) does not split, 0: > -1. 

The proof of Theorem 8.2 will use the necessary condition from Theorem 
1.2, with the choice G(r) = (1 - r)" ; without loss of generality we may assume 
that 0: ~ O. In particular, let f1 = (1 - Izl)" dA + XE de where E is a proper 
closed subset of aD (with lEI> 0) having complementary arcs {lk}' From 
Theorem 1.2 we see that if E satisfies Carleson's condition, i.e. if 

1 L IIkllog T4T < 00, 

then p2 (f1) does not split. 

Proof of Theorem 8.2. Let P be fixed, 0 < P < 1, and identify aD with 
(-rr, rr]. We construct a Cantor-like set E c [0, 1] c (-rr, rr] by the usual 
procedure, as follows. Choose 61 , 0 < 61 < -!: ' and remove an open interval 
from the center of [0, 1] so as to leave two closed intervals J1 I and J1 2' 

each of length 61 . From the center of each of J1 I and J1 2' remove equal-
length open intervals, leaving four closed intervals' J2 k' k ~ 1 , 2, 3, 4, each 
of length 62 < 61/2. Continuing in this way, we obtain at the nth stage 2n 

closed intervals I n , k' k = 1 , 2, ... , 2n , each of length 6n < 6n_ 1 /2. We put 

2n 00 

En = U In,k and E = n En' 
k=1 n=1 
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Clearly, En has measure an = 2n On and 1 > a l > a2 > .... Let us write 
r = limn--+ oo an ' so that lEI = r. We stipulate that 0 < r < 1 and choose an 
so that our conclusion holds. 

First we claim that if Q(o, e) is associated to the weight w = XE ' then 

(8.1) Q(on,e)=I-r/an , n=I,2, ... , 
provided 0 < e < 1 . For this particular w 

IInEI 
Q/(e) = 1 - -111-' 

and any arc I we have 

We observe that the infimum Q(on' e) is attained by Q/(e) when I is any of 
the arcs J k' k = 1, 2, ... , 2n . Indeed, imagine I to be any arc with III = n, 
on . Then I either intersects only one In, k or else I intersects two neighboring 
arcs In,k and In,k+1 (but no others). Since EnJn,k and EnJn.k+1 are exact 
replicas of each other under translation, and since III = on ' it follows that IInEI 
is maximized by choosing 1= J k (for any k) as desired. Now it is easy to n, 
see that 

i n 
IJn,k nEn+il = 2 0n+i = an+)2 

for i = 1, 2, ... , whence 

Q( ° , e) = lim (1 - a~+i) = 1 _ 2.. , 
n /--+00 2 on an 

and the claim is established. 
Next consider the arcs complementary to E. There is one arc of length 1-

2°1, two arcs oflength 01 -2°2, and in general 2k- 1 arcs of length 0k_1 -20k . 
Now 0k_1 - 20k = T(k-I)(ak_ 1 - ak), and so the requirement that E satisfy 
Carleson's condition is exactly equivalent to 

(8.2) 

Now choose p 

00 

Lk(ak_1 - ak) < 00, 

k=2 
00 1 
L(ak-1-ak)IOg(a _a)<oo. 
k=2 k-l k 

with 1 < p - 1 < 1/ f3 and set 
00 1 

an = r + c L kP ' 
k=n+1 

n=I,2, ... , 

where c > 0 is small enough that a l < 1 . It follows from (8.1) that for some 
d> 0, 

cool 1 
Q(On,e)=a L e?d~, 

n k=n+1 n 
n = 1,2, .... Moreover, ak _ 1 - ak = ck-P , and it follows (see (8.2)) that E 
satisfies Carleson's condition. Therefore, p2(( 1 - Izl)" dA + XE de) does not 
split. 
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Next we choose y > 0 so that Je == p - 1 + Y < 1/ P and consider the function 
f(t) in the statement. Since JeP < 1 , we find that 

, ,p 
f(e- x ) = e-x ::::: 2-x 

for all x exceeding some N > O. Let en = e -n" , n = 1 , 2, ... , and note that 
since an < 1, 

n:::::N. 

We may apply Lemma 6.1 to find 
11 1 dI.l. d y O(f(e) e )log- > -O(J e )log- > --n =-n n 'n e - 2 n' n e - 2 p-I 2 
n n n 

for n ::::: N. It follows that 
1 

sup O(f(e) , e) log - = +00, 
0<£<1 e 

and the proof is complete. 0 

If we limit our attention to weights w = XE where E is a Cantor-like set, 
we even have a necessary condition for splitting. 

Theorem 8.3. Let E c [) D be a Cantor-like set of positive measure and let 
/l = (1 -\z\)'" dA + XE de where Q> -1. If there exists P, 0 < P < !, such 
that 

1 
sup O(f(e) , e) log - < 00, 

0<£<1 e 
where f(t) = exp(-(logt)P), then E satisfiesCarleson'scondition, hence p 2 (/l) 
does not split. 
Proof. The first three paragraphs of the proof of Theorem 8.2 apply perfectly 
well to our present Cantor-like set E provided we allow 0 < a l < 2n and 
o < r < 2n. Again we have equation (8.1). Let f(t) be as in the statement 
and define en by f(en) = I n whenever I n < 1 . Clearly 

1 1 (1 )I/P log - = log 1 = log ~ 
en f- (In) n 

Thus if 0 < en < 1, we see from (8.1) that 

( I)I/P 1 
(an - r) log I n < 2nO(f(en) , en) log en 

1 
~ 2n sup O(f( e) , e) log - == M < 00 . 

0<£<1 e 
We easily check that log( I/JJ > n/2 for n> 10, and so an - an+1 < an - r < 
M(2/n)I/P, n > 10. Since 1/ P > 2, we see that the first sum in (8.2) is finite. 
The second sum is finite as well because the function t log t increases with t 
when t is small. It follows that E satisfies Carleson's condition. 0 
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9. CONCLUDING REMARKS 

We mentioned earlier that Theorem D improves a result of Trent [Trl] by 
weakening the hypothesis on G. It should be noted that Trent obtains quite 
detailed information about the associated class of P2(fl) spaces (where fl = 
G dA +w de) with implications for the splitting problem arising as a by-product. 
Havin, Hruscev and Nikol' skii [Kr2, p. 446] have observed that Trent's result 
can be strengthened in a different direction by weakening the hypothesis on 
w. The theorem so obtained extends the necessary condition of Theorem 1.2 
to arbitrary w, with just a small modification of the proQf (see the proof of 
Theorem 3.1 in [Hr2]): 

Theorem. Suppose that 

l~r5 log G~r) dr < 00 (6 small) 

(and that G satisfies a mild regularity condition). If there exists a G-Car/eson 
set F of positive measure with log W ELI (F), then p2 (fl) does not split. 

Let us hazard two conjectures, suggested by the above result, Theorems C 
and D, and Theorem 1.2. 

Conjecture 1. Suppose that 

lim( 1 - r) log G(1 ) = 0 
ril r 

(and that G perhaps satisfies some regularity conditions). If JF log w de = -00 

for every G-Carleson set F of positive measure, then p2 (fl) splits. 

Conjecture 2. Suppose that G satisfies 

lim( 1 - r) log G(1 ) = +00 
ril r 

(plus any necessary regularity conditions). If JI log w de = -00 for every arc I, 
then p2 (fl) splits. 

We conclude with a remark on the role of symmetry in our methods. Let Ll 
be a measurable subset of a D with 0 < ILlI < 2n. Define 

(9.1) a(Ll) = sup 21~,1 r wI del 
Izl=I/2 J'l e - z 

and note that 0 < a(Ll) < 1. Alternatively, ILlla(Ll) is exactly the supremum 
of Ilog'l'(z) - i1LlI/21 over the circle Izl = !, where 'I' is the Cayley inner 
function belonging to Ll. For the special Ll constructed in §2 we showed in the 
proof of Lemma 4.3 that a(Ll) ~ 3/n. For general Ll as above one sees, as in 
Lemmas 4.3 and 4.4, that the associated inner function B satisfies 

IB(z)1 ~ IzIIOg(l/a(~)) , !<lzl<l, 
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provided a(Ll) is small enough. The results of §§3 and 5, with minor modifi-
cation, easily yield the following: 

General Distance Formula for f.1. = (1 - I z I)" d A + w de. Suppose that Ll is a 
measurable subset of aD with 0 < ILlI < 271: and that a(Ll) is defined by (9.1). 
Then 

( -(1+<») 1t.1/2rr 
p:~2~Jl) f IXD - pl2 df.1. :::; b i w de + K (lOg a(~)) , 

where band K are positive constants depending only on 0: and w. 

As an immediate corollary we have 

General Splitting Theorem for f.1. = (1 -Izl)" dA + w de. Suppose there exists a 
sequence {Ll k} of measurable subsets of a D such that 

(i) ILlkllog r wde--+-oo, and i t.k 

(ii) III k I log log _1 -k --+ +00 
a(Ll ) 

as k --+ 00. Then p2(f.1.) = p2(( 1 - Izl)" dA) ffi L2(W de). 

Condition (i) implies that as k increases, Llk is increasingly concentrated 
where w is small, whereas (ii) should tell us that Llk becomes progressively 
more symmetric in distribution. To understand this last point, recall that the 
estimate a(Ll) :::; 3jn in §4 depended on the rough symmetry of that special Ll. 
For general Ll, observe that a geometric series expansion of the Cauchy kernel 
gives 

(9.2) ILlla(Ll) :::; f: ~ I r eikO del· 
k=1 2 it. 

If, for example, Ll happens to be invariant under rotation by 271: j n , then one 
calculates that i eikO de = 0, k=I,2, ... ,n-l, 

and so a(Ll) :::; 2- n+1 , an even better estimate than a(Ll) :::; 3jn. Conversely, if 
Ll lies in a single small are, then a(Ll) is close to 1. Thus it may be worthwhile 
to study how the geometry of a general set Ll is reflected in the size of the 
Fourier coefficients of XI'>' 
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